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1 問題設定

O x

y

(x1, y1), (x2, y2), . . . , (xN , yN) から
y = ax + b を求めたい。

⎧⎪⎪⎨⎪⎪⎩

aの確率分布
bの確率分布

数学的準備
(1)連立方程式

y = Ax

(y1
y2
) = (a b

c d
)(x1

x2
)

x = A−1y

A−1 = 1

ad − bc
( d −b
−c a

)
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(2)完全平方

ax2 + bx + c

=a{x2 + b

a
x + c

a
}

=a{x2 + b

a
x + ( b

2a
)
2

− ( b

2a
)
2

+ c

a
}

=a(x + b

2a
)
2

+ a(− b2

4a2
) + c

=a(x + b

2a
)
2

− b2 − 4ac
4a

(3)ガウス分布

x ∶ 平均 0, 分散 1

p(x) = 1√
2π

exp(−x
2

2
)

∫
∞

−∞
p(x)dx = 1

☆ z = σx dx = 1

σ
dz

∫
∞

−∞

1√
2π

dz

σ
exp(− z2

2σ2
) = 1

p(z) = 1√
2πσ

exp(− z2

2σ2
)

☆ y = z + µ dy = dz
y ∶ 平均µ, 分散σ2

∫
∞

−∞

dy√
2πσ

exp(−(y − µ)
2

2σ2
) = 1

p(y) = 1√
2πσ

exp(−(y − µ)
2

2σ2
)

y ∼ N(µ,σ2)
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最小二乗法

O x

y

(x1, y1), (x2, y2), . . . , (xN , yN) から
y = ax + b を求めたい。

E(a, b) = 1

N

N

∑
i=1
{yi − (axi + b)}2

= 1

N

N

∑
i=1
{y2i − 2yi(axi + b) + (axi + b)2}

= 1

N

N

∑
i=1
{y2i − 2axiyi − 2byi + a2x2

i + 2abxi + b2}

x ≡ 1

N

N

∑
i=1

xi y ≡ 1

N

N

∑
i=1

yi

x2 ≡ 1

N

N

∑
i=1

x2
i y2 ≡ 1

N

N

∑
i=1

y2i

xy ≡ 1

N

N

∑
i=1

xiyi

E(a, b) = y2 − 2axy − 2by + a2x2 + 2abx + b2

⎧⎪⎪⎨⎪⎪⎩

∂E(a,b)
∂a

= −2xy + 2ax2 + 2bx = 0
∂E(a,b)

∂b
= −2y + 2ax + 2b = 0

⎧⎪⎪⎨⎪⎪⎩

ax2 + bx = xy
ax + b = y

(x
2 x
x 1

)(a
b
) = (xy

y
)
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(a
b
) = (x

2 x
x 1

)
−1

(xy
y
)

(x
2 x
x 1

)
−1

= 1

x2 − (x)2
( 1 −x
−x x2

)

(a
b
) = 1

x2 − (x)2
( xy − x y

x2 y − x xy
)

x = 0としてもよい

E(a, b) = y2 − 2axy − 2by + a2x2 + b2

∂E(a, b)
∂a

= −2xy + 2ax2 = 0

a = xy

x2

∂E(a, b)
∂b

= −2y + 2b = 0

b = y

(x
2 0
0 1

)(a
b
) = (xy

y
)

(a
b
) = 1

x2
(1 0

0 x2
)(xy

y
)

(a
b
) = (xy/x

2

y
)

y = ax + b
yi = axi + b

xiyi = ax2
i + bxi

xy = ax2 + bx

a = xy

x2
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E(a, b) = a2x2 − 2axy + b2 − 2by + y2

= x2(a2 − 2xy
x2

a + (xy
x2
)
2

− (xy
x2
)
2

)

+ (b2 − 2by + (y)2 − (y)2) + y2

= x2(a − xy

x2
)
2

+ (xy)
2

x2

+ (b − y)2 + y2 − (y)2

E(xy
x2

, y) = (xy)
2

x2
+ y2 − (y)2

a0 =
xy

x2
, b0 = y

E(a, b) = E(a0, b0) + x2(a − a0)2 + (b − b0)2
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